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ABSTRACT 

The partition function of type IIA and B strings on R 6 x K3, in the T 4 /Z2 orbifold 
limit, is explicitly computed as a modular invariant sum over spin strutures required by 
perturbative unitarity in order to extend the analysis to include type II strings on R 6 x W4, 
where W4 is associated with the tube metric conformal field theory, given by the degrees 
of freedom transverse to the Neveu-Schwarz fivebrane solution. This generates partition 
functions and perturbative spectra of string theories in six space-time dimensions, associ- 
ated with the modular invariants of the level k affine SU(2) Kac-Moody algebra. These 
theories provide a conformal field theory (i.e. perturbative) probe of non-perturbative 
(fivebrane) vacua. We contrast them with theories whose iV = (4, 4) sigma-model action 
contains = k + 2 hypermultiplets as well as vector supermultiplets, and where k is the 
level just mentioned. In Appendix B we also give a D = 6, N = (1, 1) 'free fermion' string 
model which has a different moduli space of vacua from the 81 parameter space relevant 
to the above examples. 
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1. Introduction 



The non-perturbative formulation of string theory is motivated by dualities, but ulti- 
mately it should provide the identity of a set of degrees of freedom on which the theory is 
consistently defined. 

In perturbative string theory, the GSO projections lead to modular invariance of 
the one-loop amplitudes. We further recall! 1 ~ 3 1 that in string perturbation theory there 
are requirements of space-time factorization for vertices and one-loop modular invariance 
which guarantee higher-loop modular invariance. These requirements are related to the 
conservation at vertices of quantum numbers associated with the projections, and are 
satisfied by models that are unitary on a set of states picked out from the whole Fock 
space by a set of projections defined by number operators. In perturbative string theory, 
the projections in the various sectors are a primary concept. 

Currently, the backbone of non-perturbative string theory is a web of various string 
perturbative expansions, described by dual pairs of theories^ 4 ' 5 ! and more generally by ma- 
trix theory^ 6 !. To construct a complete non-perturbative formulation, the guiding principle 
which replaces perturbative unitarity is that strong coupling (non-perturbative) extensions 
of existing perturbative string models appear to be well defined in terms of other pertur- 
bative models. In particular, a dual pair of string theories have the same moduli space of 
vacua, which is already present in the low energy (field theory) description of either the- 
ory. In this way the moduli spaces (different ones correspond to different compactifications) 
become a primary concept. 

In this paper, we analyze several superstring vacua in some detail in order to extract 
from perturbative formulations relevant non-perturbative information which may be useful 
in shaping the appropriate set of states on which the theory is defined. 

In sect. 2, we consider the type IIA and IIB superstrings on R 6 x K3 and give the 
partition function explicitly as sum over spin structures for its orbifold limit R 6 x T 4 /Z 2 . 
We identify the T-duality group for this restricted class of K3 compactifications, and show 
that it is an invariance of the partition function, although its status as an invariance of 
the full non-perturbative spectrum of this theory remains conjectural. The generalized 
GSO projections that define these models are then used in sect. 3 to derive the massless 
spectra, which are seen to correspond to D = 6 theories with space-time supersymmetries 
N = (1, 1) and N = (2,0) respectively that occur for generic R 6 x K3 compactifications. 
In sect. 4 analogous formulae are given for the type II superstrings on R 6 x W4/Z2, where 
W4 is the 'tube metric' conformal field theory (eft) associated with the transverse degrees 
of freedom of the type II NS fivebrane^ 7-10 ! . In sect. 5, we recall the relationships I 1 1_16 1 
among this eft, points in the moduli space corresponding to non-abelian (enhanced) gauge 
symmetry, the D = 2, N = (4, 4) supersymmetric theories with vector and nu = k + 
2 hypermultiplets, level k SU(2) affine algebras, and the theory of n# coincident NS 
fivebranes. We discuss the norms of both continuous and discrete states in the 'tube metric' 
eft, and a connection to exact results on Liouville cftt 17 !. Conclusions and comments 
are found in sect. 6 which discusses the presence of enhanced gauge symmetry and its 
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incorporation in type II variables. We also give a type II free fermion string model with 
conventional (NS-NS) non-abelian symmetry (for the gauge group SU(2) 4: ) which has a 
different moduli space of vacua from the above examples. This model shows that all known 
co mpactifi cations of string theory with N = (1, 1) supersymmetry in D = 6 are not on the 
same moduli space of vacua. 

2. Partition function 

We first compute explicitly type II strings on R 6 x T 4 /Z2, where T 4 /Z2 is the Z2 
orbifold limit of K3. In the light-cone description, the left and right-moving modes are 
each taken to be described by 8 bosonic and 8 fermionic worldsheet (primary) fields: 
A l n , A^tp^ipj.; A l n ,Al,ipl,ipri 1 < < 4 and 5 < i", < 8, where the superscript i refers 
to the transverse spatial degrees of freedom, the superscript I to the internal ones, and 
the subscripts s, r each correspond to either integer or half-integer modding depending 
on the sector. The partition function or one loop contribution to the vacuum to vacuum 
amplitude in D space-time dimensions is 

A = -— V / ^(Imr)- 2 -(^)|/(o;)|- 2 ^- 2 )A / (2.1) 

where A/ is the partition function for the fermionic and internal bosonic degrees of freedom, 

A/ = ^ Q tr a {^°-L L »-^ J] P ^}' ( 2 - 2 ) 

i.e. the spectrum of a theory will consist of a set of sectors Q, characterized by the modding 
of the internal bosons (s £ Z, untwisted), (s G Z + |, twisted), and of the fermions (r G Z, 
untwisted Ramond (R) or twisted Neveu-Schwarz (NS)), and (rGZ + |, untwisted NS or 
twisted R). The quantities 5 a and the projection operators P a ,i3 are discussed below. The 
integration region T = {r : |r| > 1 \Rer\ < ^} is a fundamental region for the modular 
group that is generated by r — > r + 1, r — > — ^; and Lo, Lq refer to left, right movers. 

To define the orbifold choose a complex basis for the internal fermions, for example for 
the left-movers: f 1 = ^=(h 5 +ih 6 ), f 1 = ^(h 5 -ih 6 ), f = ^=(h 7 +ih 8 ), f 2 = ^=(h 7 -ih 8 ). 
Then the Z2 transformation 9 acting on the internal fermions in terms of the number 
operator F = £i=i,2;r : frf-r : (where : fift := - : ft ft :), so that 9 = (-1) F ; and 
similarly 9 acts on the internal bosons by 9Al9~ l = —A T S . Oscillators with space-time 
indices are invariant under 9, and D = 6. 

A sector a is labelled by a twelve-dimensional vector whose components are for NS 
and 1 for R: 

Pa = (pi, • • • , p 4 ; Pi, j0 2 ; pi, . . . , p 4 ; pi, p' 2 ) (2.3) 

This vector corresponds to boundary conditions of left- and right- modes separately de- 
scribed by 4 real and 2 complex fermions. 
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The set of states on which the theory is unitary is specified by states that survive 
projections defined by number operators which generalize the GSO projection. The pro- 
jections are defined by requiring the parity of the number operators, Np defined in (2.9), 
to take on definite values e(a,f3) on any state in the sector a, i.e. 



(-1) 



(2.4) 



where each e(a, (3) is either ±1. The (perturbative) spectrum of a model is specified by 
a set of sectors O, together with a set {(— 1)^ : (3 £ 0} of parity operators, and their 
values e(a,/3) on the sectors aGO. 

Eq. (2.2) can be expressed as a sum over spin struturesW; 



At = 



2 K+ 



I E E 5 - e («^) tr a {u, L °-2u L °-2(-l) N e} 



(2.5) 



where K is the number of basis vectors which generate Q. We denote the trace in eq.(2.5) 
by {a, f3}, so that, without the factor of 2~ K_1 , the sum is 



E 5 « e(a,p) {a, 13} 



(2.6) 



where 



{a,p} =tr Q {cD Z ' -L L »-^(-l) Ar n 



X 



'l/MI 
file 



-20 



n e 



fib 



(0|r) 



Pc, 



(0|r) 



i=i 



Pi 



n e 



3=5 



n e 

(0|r) ) x internal bosons , (2.7) 



and (p l a ,p J a ) and (p,p, p J p) are the the twelve-component vectors describing the sectors ct 
and /5 respectively, ie. the components are for NS and 1 for R [see for example (2.8)]. 







(0|t) and f(uj) are given by (2.14), and 5 a = 5^5^ where 6 a = 1 if the states of 

the sector a are space-time bosons and S a = — 1 if the states are space-time fermions. 
A consistent (perturbative) string theory is such that under modular transformations the 
integrand of (2.1) is invariant. 

The type II string on R 6 x T 4 /Z 2 has eight sectors, whose fermion boundary condition 
vectors (2.3) are given by 



p 62 = (l 4 ,l 2 ;0 4 ,0 2 ) 
p 6o62 = (0 4 ,0 2 ;l 4 ,l 2 ) 
p bobl = (0 4 ,1 2 ;0 4 ,1 2 ) 

p 6o = (l 4 ,l 2 ;l 4 ,l 2 ) 



p boblb2 = (1 4 ,0 2 ;0 4 ,1 2 ) 
p 6l62 = (0 4 ,l 2 ;l 4 ,0 2 ) 
p 6l =(l 4 ,0 2 ;l 4 ,0 2 ) 
^ = (0 4 ,0 2 ;0 4 ,0 2 ), 



(2.8) 



where {(f), bo, 6062, 62} are the sectors that have untwisted bosons, and the Z 2 twisted 
sectors are written as {6061, b\, 6162, bobi 62}- For this theory, the eigenvalues e(a, (3) of the 
parity operators are given in Table 1, where A, p, p, v take values ±1, and different choices 
of A, p, p, v do not change the theory. Table 1 is derived by requiring modular invariance 

for the part of A given by \ E Q ^e{^,6o,6 6 2 ,6 2 } 5 « e ( a >P) tr a {w L °" 2 u L °~ 2 (-1)^}, and 
then computing the remaining values of e(a, (3) using e(a, ^7) = e(a, (3) e(a, 7) , which 
follows from (2.4). 
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Table 1 



In the fermionic picture, we define the parity of the number operator Np acting on 
the sector a by 

(-i^LH-ir^L ( 2 -9) 

where F is a vector whose components are the operators Fj = J2 r '■ frf-r • f° r complex 
fermions and X]^>o V'-rV'r f° r rea ^ fermions, and r is modded according to the boundary 
condition of the "j "fermion in the sector a. 



4 2 4 2 

pp.F = e pjFj + E + E Pi p i + E 4*5 
j=i j=i j=i j=i 



(2.10) 



and the sums Fj and Fj distinquish left and right movers, but the pair / and / denotes 
a complex fermion which is either wholly left moving or right moving. In general, the 
projection operators are defined by 



P a ,p= i{l + e ( a ,/5)(-l)^}, pen. 
Since (-1) N ^ = (-1)^ (-1)^, it follows that 

K+l 

n p ^ = n p « .a 

/36f2 i=0 



(2.11) 



(2.12) 
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where, for this theory K = 2 and (3q = 6 2 ,/3i = 6 6 2 , = &o&i- The conventional GSO 
projections involve only fermions: 

P*,b 2 = \{l + e(aM)(-l) Pb * F } (2.13a) 
P*,bob 2 = H 1 + e («> b b 2 ){-l) Pb ^ F } (2.136) 

while the Z 2 projection is incorporated in 

PaAM = §{l + e(o:, b oh)0} 

e = (-i)(pb H- F )+ N 

N = J2 H A -r AI r + A-rK) (2-13c) 
r>0 

The functions in (2.7) have u> = e 27TlT and 

e 



e 



(u\t) = e i7rr(n+ ^ e i2 K(n+%)("+%)-i§p» (2.14a) 

^| T ) _ e -i7rr(n+|) 2 e -i27 r (n+f)(^+f )+ifp/i (2.146) 



V ( T ) =u^f(u) f[(l-u n ) . (2.14c) 

n=l 

The partition function for type II strings on R 6 x T 4 /Z 2 is thus specified by eq.'s 
(2. 8), (2. 13) and Table 1. Using this data in (2.1,2,6), we find that many of the spin 
structures give zero contribution; but also that modular invariance of the integrand of 
(2.1) can be checked explicitly using the e(a, (3) eigenvalues in Table 1 and the modular 
transformation properties of the functions in (2.14). This assures that one-loop n-point 
functions as well as the 0-point function are modular invariant. 

Collecting the contributions from the different (non-zero) spin structures, we have for 
type II strings on R 6 x T 4 /Z 2 that 



A/ 



4yr(a') 3 \ T 


d 2 r(Imr 
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(2.15a) 



8 Q2a2 Q 2n2 



}2 r\2 r\2 r\2 



i2/)2/}2/)2 



(2.156) 



In (2.15b), the factors (1 — 1 — 1 + 1) are all space-time boson contributions, while in lines 
3 and 4 each the factors (2 — 2) contribute 2 from space-time bosons and (-2) from space- 



1-2 i 2 



mass 



time fermions. In line 1, the lattice theta function 6r A , (t, r) = Y~\ „ cr uj^ Pl u^ Pr is 

' i 4,4 V 5 / t—'PL ,P/itl 4,4 

defined for any even, self-dual eight-dimensional Lorentzian lattice T^. Using the Poisson 
resummation formula, one can show the quantity ' is modular invariant. There 

is a 16-parameter family of such lattices generated by an 0(4, 4) transformation of the 
©4P2 lattice, where P2 is a two-dimensional lattice with signature (H — ) defined by basis 

vectors a[ = -^=(1,1); a\ = ^=(—1,1) with metric ^1 ) Since tne D = 6 

squared is invariant under the 0(4) x 0(4) subgroup of the non-compact group 0(4,4), the 
number of different parameter families of string models is given by the dimension of the 
coset omw'oL) w hich is 16. The discrete group 0(4,4; Z) leaves invariant the lattice theta 
function 0-p 4 4 (r, r) for any given member of the 16-parameter family of lattices. Therefore 
the partition function given in (2.15) of the type II string on R 6 x T 4 /Z 2 has an explicit 
T-duality symmetry group 

G T = 0(4,4;Z) (2.16) 

which is an invariance of the perturbative spectrum. In (2.15) we use #3 = G [ ] (0|r); 64 = 
G [J] (0|t); 9 2 = G [J] (0|r); G [J] (0|r) = 0. The partition function for type II strings on 
R 6 x T 4 is given in Appendix A for later comparisons. 



3. Massless and lowest lying massive perturbative spectra 



In this section we work out the massless and lowest lying massive spectra in these 
theories, using the projection operators (2.13), rather than directly using facts about the 
cohomology and moduli space of K3. Our procedure insures that the spectrum at a given 
mass level agrees with the coefficient of a suitable power of ujuj in (2.15). The partition 
function (2.15) describes a precise set of states on which the theory is known to satisfy 
(perturbative) unitarity. 

String theories that include both perturbative and non-perturbative states (such as 
type II A on R 6 x K3 at values of the K3 moduli corresponding to enhanced non-abelian 
massless gauge bosons) are not yet sufficiently defined to allow identification of a consistent 
set of states analogous to the perturbative situation. Nonetheless it is conjectured that 
such a set of states exists on which unitarity for both perturbative and non-perturbative 
states, and S-duality could be proved. In this framework, the massless spectrum of the 
target space theory is frequently computed either via a field theory compactification of 
type IIA supergravity on R 6 x KS, using the Betti numbers of KS, or from the moduli 
space of the 2-dimensional N = 4 superconformal non-linear sigma model with K3 target 
space, as in [16,18]. Compactifications of the target space field theory in general yield a 
'Kaluza-Klein' tower of massless and massive states. The massless states derived in this 
way, together with massless solitons which occur at special moduli values, are assumed 
to be the massless spectrum of a generalized non-perturbative/perturbative description. 
Although these techniques do not provide yet a specification of the massive states which 
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together with this massless spectrum would serve as a consistent set of states on which to 
define the theory. 

On the other hand, computation of the spectrum using the projection operators yields 
both a 'Kaluza-Klein' tower of states from the compactification, and a 'Regge' tower of 
states already present in the D = 10 IIA string. The latter is given in the Appendix (A3). 
This calculation specifies a consistent set of states for the subset of theories parameterized 
by Qr 4A (f, t). That is to say, given the states described in (2.15), there is no need to add 
non-perturbative information for the consistency of the theory. Nonetheless, the appear- 
ance of BPS soliton solutions of the target space classical field theory, may be a motivation 
to modify the perturbative description to encompass a bigger theory, a modification which 
might be essential at larger coupling. We conjecture that a complete definition of the 
bigger theory will involve an analog of the perturbative GSO projections. 

The massless spectrum of the Type IIA superstring on R 6 x T 4 /Z2 is given in terms 
of representations of the D = 6 lightcone little group Spin(4) = SU(2) x SU(2) which form 
D = 6, N = (1, 1) spacetime supersymmetry multiplets. The supergravity multiplet is 

(3, 3) + (3, 1) + (1, 3) + 4(2, 2) + (1, 1) + 2(3, 2) + 2(2, 3) + 2(2, 1) + 2(1, 2) . (3.1a) 

It couples to 20 vector supermultiplets with spin content: 

(2, 2) + 4(1, 1) + 2(2, 1) + 2(1, 2) . (3.16) 

We derive (3.1) in the orbifold model of section 2, using the projections (2.13) as follows. 
The supergravity multiplet and 4 of the vector multiplets come from the untwisted sector, 
and 16 vector multiplets come from the twisted sector. The physical states satisfy 

Pa,b 2 Pa,b b 2 P a,b bi W) = W) (3-2) 

where P a ,b 2 , Pa,b b 2 i Pa,b bi are defined in (2.13), via (2.8) and Table 1, and G a. 
Writing the four sums in (2.10) as 

4 2 4 2 

pp-f = e pjpj + E + E Pi p i + E p'i f j 

j=i i=i i=i i=i 

= Ft + F 2 + F 3 + F 4 , (3.3) 

we find in the untwisted NS-NS sector (a = 4>) that (3.2) corresponds to 

|[1 - (-l)^2-(^i+^)][i _ (_i)^ 2 -(^3+f 4 )][ 1 + (_ 1 )(^ 2 -(f 2 +f 4 ))+N]|^ = |^ ( 3 _ 4 ) 

So for massless states, either F\ = F 3 = ; F 2 = F4 = 1 or F\ = F 3 = 1 ; F 2 = F4 = , 
corresponding to ip 1 1 x ifj J 1 \0) with spin content of 16 scalars and to ifj l x x ifj J 1 \0) with 

~2 ~2 ~2 ~2 

spin content (3, 3) + (l, 3) + (3, 1) + (1, 1). In the untwisted RR sector a = 60, the projections 
in (3.2) on massless states require F\ + F 2 =even; F 3 + F4 =even, F 2 + F 4 =even. 
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The Ramond ground states in D = 6 for the type IIA superstring on R 6 x T 4 or 
R 6 x T 4 /Z 2 corresponds to the spin content: 

A = even |(2,l)) Left 

Fi=odd |(l,2)) L eft 

F 3 = even |(l,2)) Right 

F 3 = odd |(2,1)) Right • (3.5) 

Using (3.5), we find the massless states in the untwisted RR sector have spin content 8(2,2). 
These eight vectors are from 2|(2,l)) Left x 2| (1, 2)) Right and 2|(l,2)) Left x 2|(2, l)) Right . 
Similar arguments show the R-NS sector contains massless states 2(2, 3) + 10(2, 1) given by 
2|(2, l)) Le ft x ip J 1 10) and 2|(1, 2)) Left x ip 3 1 10); the NS-R sector contains 2(3, 2) + 10(1, 2); 

~ 2 ~ 2 

and the four twisted sectors contain 16 massless vector supermultiplets given by 4 1 16) and 
|(2,l)) Left x |(l,2)) Right x |16), 2 x |(l,2)) Right x |16), |(2,l)) Left x 2 x |16), where |16) is 
the degeneracy of the ground state of the twisted bosonic operators A T S , Ay 1 *. 

The IIA superstring on R 6 x KS is conjectured to be S-dual to the heterotic string on 
R 6 x T 4 [ 4 > 5 > 19 1 This requires both theories to have the same massless spectrum and the 
same moduli space. At points of enhanced symmetry in the moduli space, the massless 
spectrum of both theories will be the supegravity multiplet of (3.1a) together with the vec- 
tor supermultiplet (3.1b) in the adjoint representation of a rank 20 non-abelian group. (For 
enhanced symmetry, the the additional vector supermultiplets imply additional massless 
scalars, but these have quartic interactions (as required by the gauge and super symmetry) 
so their vevs are not new moduli At generic points in the moduli space, however, the 
massless spectrum is given in (3.1); and the 81 scalar fields can acquire vacuum expectation 
values (vevs) which take values in the moduli space MxR, where the vev of the dilaton 
in (3.1a) lives on R and the vevs of the 80 scalars in the 20 U(l) vector multiplets (3.1b) 
parameterize 

M = 0(4, 20; Z) \ °t 4 ' 20 ) , (3. 6 ) 
V 1 X 0(4) x 0(20) V 1 

For the orbifold compactification of IIA on R 6 x T 4 /Z2, most of these values have been 
fixed, since from (2.15) the partition function depends only on 16 parameters via #r 4 4 (t, t) . 
No choice of these 16 parameters will adjust the lattice to enhance the gauge symmetry, 
i.e. no left or right internal momentum states can appear at the massless level, since for 
such states the projections would be F\ = F2 = (in sector <p f° r example), and this 
does not satisfy (3.4). This reflects the fact^ 16 ] that the orbifold which leads to a finite 
string perturbation theory in (2.15) corresponds to points in the moduli space which do 
not overlap with points of enhanced symmetry. 

All 24 of the U(l) vectors in (3.1), i.e. the (2,2) 's of Spin (4), are from the RR sectors 
bo and 61, so from conventional arguments^ 20 ! no perturbative states carry any of the 24 
U(l) electric charges. Also, the 24 magnetic charges are only carried by non-perturbative 
states. 
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In addition to (3.1), we compute the lowest lying massive spectrum in perturbation 
theory. Expanding (2.15), we see there are 4-(64) 2 at mass level \m 2 L = \vn? R = \- These 
occur in the four twisted sectors, via arguments similar to (3.4), and have Spin (4) content 
equivalent to 64 copies of the D = 6, N = (2,2) supergravity multiplet given in (3.10). 
Here the states are massive, with little group Spin (5), and they can be grouped into 
combinations of D = 6 massive Spin (5) representations (underlined): 

64 [14 + 5 10 + 10 5 + 14 1 + 4 16 + 16 4]. (3.7) 

This is 64 unshortened massive supermultiplets, since they do not have the same spec- 
trum of Spin(4) states as (3.1a). (As an example, in sector &o&i; the states surviving 
the projections are ft J2) x ft 3 i |2) x |16),i J J2) x A J J2) x |16),V> ? i|2) x A J k \2) x 

~2 ~2 ~2 ~2 ~2 ~2 

1 16), A 7 x |2)-i/>* 1 \2) where |2) refers to the ground state of the internal integer-moded 

— 2 — 2 

twisted NS fermions. These have Spin(4) content 64 [ (3, 3) + (3, 1) + (1, 3) + 8(2, 2) + 
17(1, 1)]. As discussed above, the massive states (3.7) are not BPS states (they carry no 
magnetic charge since they are perturbative, no electric charge since all gauge fields are 
RR, and as expected they do not fit into ultrashort massive supermultiplets). They do 
not couple to the £7(1) gauge fields, and thus their mass presumably receives quantum 
corrections. It is suggested that such states may become unstable from these corrections 
or non-perturbativelyj 5 ] because they could decay into BPS states and therefore would not 
appear in an exact S-matrix. It might be possible there are no non-BPS states in the full 
theory of IIA on R 6 x T 4 /Z 2 , even though they appear in perturbation theory. ^ 5 > 

By expanding (A4), we see on the dual side (the heterotic string on R6xT4) that there 
are no (perturbative) states at this mass level. At the next mass level, \m 2 L = \m 2 R = 1, 
there are 64 x 3456 perturbative states, while on the dual side (heterotic), there are 41,472 
perturbative states, again demonstrating the mismatch of perturbative spectra in the S- 
dual pair. 

For the type IIB superstring, the analog of (3.5) is 

A = even |(l,2)) Le ft 

Fi=odd |(2,l)>Left 

F 3 = even |(l,2)) Right 

F 3 = odd |(2,l)) Right . (3.8) 

So for the Type IIB superstring on R 6 x T 4 /Z2 the partition function is the same (2.15) 
as for IIA on R 6 x T /Z2, the number of massless states is the same, but the Spin (4) 
representations are now form D = 6, N = (0, 2) supermultiplet: the supergravity multiplet 

(3, 3) + 5(3,1) +4(3, 2) (3.9a) 

is coupled to 21 tensor supermultiplets: 

(1,3) +5(1,1) +4(1, 2). (3.96) 
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From the projections (2.13), the boundary values (2.8), Table 1, and (3.8), it follows that 
the massless states in the untwisted sectors are: (3, 3) + (1, 3) + (3, 1) + (1, 1) from NS- 
NS, 2|(l,2)) Left x 2|(l,2)) Right + 2|(2,l)) Left x 2|(2, l)) Right = 4(1, 3) + 4(3, 1) + 8(1, 1) 
from RR, and 4(3, 2) + 20(1, 2) from R-NS and NS-R. In the twisted sectors, the massless 
spectrum is 64(1,1) from 6061, 16(1,1) + 16(1,3) from 6i, 64(1,2) from 6162 and 606162. 
The supergravity multiplet and 5 of the tensor multiplets come from the untwisted sector, 
and 16 tensor multiplets come from the twisted sector. 

From (3.9), one sees there are no vector multiplets (RR nor NS-NS) in Type IIB on 
R 6 x T 4 /Z2- This holds for generic R 6 x K3 compactifications, so it seems unlikely that 
special points in the moduli space would lead to non-abelian gauge symmetry in D = 6, 
unlike the IIA case. 

We include here for comparison, the massless spectrum of type IIA or B on R 6 x T 4 . 
It is D = 6, N = (2, 2) with the unique supergravity multiplet: 

(3, 3) + 5(3, 1) + 5(1.3) + 16(2, 2) + 25(1, 1) + 4(3, 2) + 4(2, 3) + 20(2, 1) + 20(1, 2) 

(3.10) 

where 8 of the vectors come from NS-NS sector, and 8 from RR sector. The partition 
function for this theory is given in the Appendix (Al). 

The lowest lying spectrum for type II on the tube metric conformal field theory on 
R6 x WA/Z 2 described by the partition function given in (4.4) for general k is comprised 
of a D = 6, N = (1, 1) supergravity multiplet and 4 vector supermultiplets, all in the 
untwisted sector. 

4. Partition function for tube metric conformal field theory 

The partition function for the type II superstring on R 6 x WA, for WA described in 
sect. 5, is given by 

*l = \ Xi(T)? Zkif ' T) W T >l~ 8 (^-^-^)(«3-«4 4 -«l). (4-1) 

where the diagonal modular invariant 

fc+i 

Z k (f,r) = J2xk,x(r)Xk,x(r) (4.2) 

A=l 

is in correspondence with su(2 + k), i.e. Ak+i in the ADE classification t 21 l of modular 
invariant combinations of level k affine SU(2) characters. An irreducible highest weight 
representation of an affine algebra g is an infinite-dimensional tower of irreducible represen- 
tations of the finite-dimensional algebra g, and is classified by its highest weight. Allowed 
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highest weights for level k affine SU(2) are A = 2£ + 1, where £ is the spin of the SU{2) 
representation at the top of the tower, and < £ < \. 

The character formula, which counts the states in a given irreducible representation 
of the level k affine SU(2) is 



XkAr) = -±- ) J2(n2(k + 2) + \) 

1 > nez 



( n 2(k + 2) + \) 2 
fjj 4(fc + 2) 



(4.3) 



The invariant Zk(r, r) = X]a=i Xk,\( T )Xk,\( T ) is defined for k > 0. For = 0, Zo( T ) r ) = 
Xo,i(^)Xo,i( r ) = 1 since Xo,i( r ) = Y.nez( An + l )^ 2n +n = 1 using the Jacobi 

triple product identity for rf . 

The other ADE modular invariants, for example those corresponding to D± +2 , k even, 
are discussed in [13]. 

A modular invariant partition function for the type II superstring on R 6 x W4/Z 2 is 



^-^//Mlm^l^l-A^ 



A', 



1 (Imr) 



8 Mr) I* 



[ z k [° ] (f , r) \ v (r)\- 8 (ei - e\ - et){ei - e\ - el) 

+ Z k [°] (f , r) Mr) I" 8 0^*2 (1-1-1 + 1) 

+ Z k [J] (r,r) |r 7 (r)|- 8 ^ 2 2 ^ 2 2 (2-2) 

+ [}] (r,r) |r ? (r)|- 8 ^ 2 2 ^ 2 2 (2-2) ] 



where 



fe+1 



(T,T) = ^ e ^ (A_1) Xfe,A(r) Xk,X+ a (k+2-2X) (t) 



(4.4) 
(4.5) 



A=l 



transforms under modular transformations as 

Zk 

Zk 



e-^ )a2 Z t 



^iirka/3 y 
^k 



ct 



for t — > r + 1 

1 

r 



for r 



(4.6) 



and Z k [S](r,r) = Z fc (r, r) in (4.2). We note that (4.4) is identical to (2.15) when the 
internal bosons A 1 are replaced with Liouville and WZW modes J°, J 1 (see sect. 5). The 
Z 2 twist used in (4.4) is defined in [25]. 



5. The tube metric fivebrane representation 

The solitonic fivebrane solution in sigma-model coordinates has a metric given by 



ds 2 = VMN dx M dx N + (1 + (27TT2)" 1 , _ )2 )Smndy m dy r 

i=l ^ y % > 



(5.1) 
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where < M, N < 5, and 6 < m, n < 9, and magnetic charge g Q = ' ^ ne first 

term corresponds to a c = 9 flat and therefore free eft, and the second term represents a 
non-trivial c = 6 eft describing nn coincident fivebranes when j/j = 0. 

For nn = k + 2 and near the semi-wormhole throat 27 ^ y 2 ^mndy Tn dy n , the c = 6 eft 
is an N = 4 superconformal field theory (scft) whose operator algebra given in Appendix 
C has generators constructed from four affine Kac-Moody currents J A of dimension one 
satisfying an U (1) x SU (2) KMA (of level k) together with a set of four dimension- i fields 
ip A satisfying the free fermion algebra: 

J°(z)J°(0 = -(z-0- 2 + ... 

j°(z)r(0 = o(z-o° 

j\z)Ji{Q = ~(z - C)- 2 + e ljk J k (C)(z - C)" 1 + • • • 
$ A {z)1> B {Q = -{z-Q-H AB + ... 

i; A (z)J B (0 = O(z-0°. (5.2) 
The energy-momentum tensor from the Sugawara and Feigen Fuchs constructions is: 

L( z ) = -\J°J° - ]T^J l J l ~ \d^ A + 5^ + \QdJ°(z) (5.3a) 

where 8 = 0, 1 in the NS or R sector respectively; and A = (0, i). One of the four 
supercurrents is 

F(z) = + -7=^ + —fi=€i jk ^^ k - Qd^(z) , (5.36) 
yk + 2 6\/k + 2 

and the level 1 SU(2) current in (CI) is constructed as 

S*(z) = J(VV+K-^y)- (5-4) 

The superconformal system (5.3) has c = + 3 + 3Q 2 . We choose the background charge 

Q = — -j==i so that c = 6. From (5.9) we see the Liouville field J°(z) = —d(p(z) is a space 

coordinate in this construction, since conventionally X M \z)X N \Q = —rj MN \n(z — £)+ : 
X M (z)X N (() : where the space directions have rf l = 1, and hermiticity is defined via 
a M (z) = idX M {z) = En a ^" n_1 as a n ] = a-n- (Since the Liouville field is a space 
coordinate in this application, the Feigen Fuchs shift in (5.3) is by a real background charge 
Q which increases the central charge by 3Q 2 .) 

For k = (nn = 2), the set of fields in (5.2) is reduced to J°(z),ip A (z) since the 
superconformal system (5.3) becomes 

L(z) = -\ J° J° - \d^ A + 6-^- \dJ° (5.5a) 
F(z) = ifj°J° + ±e ijfe V W + ^° , (5-56) 
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and the 3 additional supercurrents F l (z) = tf) l J° — i/j J 1 — \eijk^°^^ k + di/j l . 

For k = — 1, the bosonic fields can correspond to the generators of a non-compact 
Wolf space and have positive normJ 22 ! 

For L(z) hermitian, i.e. = L_ n , then = —J® n for n ^ since Q is real, 
J °t = -Q - J ° = -^ n , and J*t = -Ji n . Therefore the states J°JV>> for n > 
have positive norm: 

iiamii 2 = m-j°n)j-nm = n(m = n\\m\ 2 > o (5.6) 

for |||V')|| 2 > 0. A similar argument holds for ^ n |V) and J l _ n \ip). It follows from the 
above hermiticity conditions on J^,ipn that = ^"-n- 

To study vertex operators consider the primary weight one-half superfield whose com- 
ponents are 

V[(z)=^; vi I {z) = Q{\e ijk ^^ k + J i ) = T\ (5.7a) 

where 

F(zW(C) = (z-C)- 1 T\C) 

f{z)t\q = (z- crV(o + (z- crwco ■ 

We define T l = and (5.7a) forms a representation of a super Kac-Moody algebra 

T\z)T\Q = + (5-8a) 

T i (^(C) = Q y^ (C) (5.86) 
^(^(C) = -^y. (5.8c) 

The level of the SL/(2) KMA T l is fc+2. Other relevant 5*7(2) currents are S l = §(-V>V+ 
of level 1, and S l + J 1 of level 1 + k. 

If we bosonize the J° current by J°(z) = —d(f)(z), where 

<P(z)<P(C) = -\n(z - C) + ... for \z\ > |C| , (5.9) 

then the conformal field : e 13 ^^ : with : e^( ) : |0) = \(3) is primary with respect to L{z) 
with conformal weight Hq = — \(3{(3 + Q). We are interested in the case real Q and real 
Hq. The allowed values for (3 such that Hq is real follows. For h Q = -h3(J3 + Q) to 

be real, either (3 = —\Q + ip with real continuous p so that Kq = |Q 2 + ^p 2 is positive; 
or (3 is real. If (3 is real, the highest weight conditions for massless unitary representations 
require it to take on discrete values, a feature similar to the discrete states in c = 1 matter 
coupled to 2d quantum gravity, i.e. the Liouville field. ^ 
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HERMITICITY PROPERTIES, INNER PRODUCTS AND NORMS 

We consider the Liouville part of the eft described in (5.3a) given by 
L(z) = -\ : J{z)J{z) : + \QdJ{z), defining J{z) = J°(z) so that for n ^ 0, 

L n = -JoJn - -^(n + l)Jn ~ \ Y.m^0,m^n '■ Jn-m,J m ■ (5.10a) 

and 

L = ~\JI - §J - YZ=1 - J-rnJm = (5.106) 

The current J(z) is anomalous: 

L(z)j(o = q(z -cr s + j(o(z - cr 2 + dj(o(z - cr 1 + . . . 

so that 

[Lni Jm] = ~^ n ( n + l)$n,-m — TOi/n+m 

[L-i, Ji] = —Jo 

[W_i] =Q + J (5.11) 
The primary field satisfies 

L ( z ) e pm = ( z _ ^)-2[_ l^p + Q)] e mo + ( z _ Q-i d( . e mo 

J(z)eWQ = (z-()- 1 Pe^ 
e^ )|0)=V/3 

Jo4>p = Pipp (5.12) 

where for n > 0, J n \0) = 0, L n \0) = 0. From (5.10a) that for = L_ n , we must have 
that for n^0, Jt = — J_ n if Q is real. From (5.11) it follows that Jq = — Q — Jo- These 
hermiticity properties correspond to the following definition of inner product: 

(VV>g) = 5 M ,-q-Q ( 5 - 13 ) 

since we must have 

= V><j) = ((-^0 - <2)VV' V><z) 

= (-fi-Q)(M q ) (5.14) 

so that = unless q = —fx — Q, hence (5.13). We can write (ip^, ip q ) = (fji\q) so that 

(5.13) is (ipfijipq) = (/■*!<?) = &p,-q-Q • For this definition of hermiticity and corresponding 
inner product, we have that the adjoint of \q) is (g| and that 

(VV i>q) = 8q,-q-Q = & q -£ (5-15) 
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i.e. ip q = \q) has zero norm unless q = — ^. Note however that \q) is not null, i.e. it is not 
orthogonal to every state, since (ip_ q _Q,ip q ) = 8 q ^ q = 1^0. If the eigenvalues of Jo are 
complex, then the RHS of (5.14) is (—fi* — Q)(ip l _ l ,ip q ), so that (5.15) is 

i.e. ip q = \q) has zero norm unless 

Rea = -|. (5.16) 

(Of course we could construct a positive norm state ip = (\q) + \ — q — Q)) where 
IIV'H 2 = 1. But then there would also be negative norm state ip' = (\q) — \ — q — Q)) 
where H^'ll 2 = — 1, unless this were absent by projection.) In sect. 4, we have assumed the 
definition of inner product (5.13), so that corresponding to (5.16), positive norm states 
have Jo eigenvalues (3 = — ^ + ip, with Kq = |Q 2 + \p 2 ■ Integrating over p we compute 

T — - 

the contribution of the non-compact Liouville mode - ^^yp- appearing as the first factor 
in the partition functions (4.1), (4. 4). (Although these theories have this (seventh) non- 
compact dimension, there is only six-dimensional Lorentz invariance.) 

Let's now consider a new inner product 



((^^)) = <W (5-17) 

This corresponds to the hermiticity properties j\ = Jo, and for n ^ 0, J\ = — J_ n if 
Q is real, which results in L^ n = L- n + (2J + Q)J- n for n ^ 0, and Lq = Lo- (In a 
supersymmetric extension = F_ r — (2J + Q)ip°_ r J 24 'To show Jq = J , we have from 
(5.17) that 

((Vv,Jo^>>H(</oVv^>> (5.18a) 
= g((Vv,^>>=MWv^>> (5-186) 
= ((J ^,^)) (5.18c) 

where (5.18b) follows from ((ipf^ipq)) = and Jq = J follows from (5.18a,c). Then 

((V'/iJ *l>q)) = (V'-Zi-Q. *l>q) = <W 

{{^ q )) = {-^-Q\q) = S lt , q . (5.19) 

For this definition of hermiticity and corresponding inner product, we have that the adjoint 
of \q) is (—q — Q\ and that 

((M q )) = S q , q = l, (5.20) 

i.e. ip q = \q) has unit norm. If the eigenvalues of Jo are complex, then the RHS of (5.18b) 
is ^{{ip^ipq)), so that (5.20) is ({ip q ,ip q )) = $ q *, q = 1, i.e. ip q = \q) has non-zero 
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norm for any real q. With the new inner product, the discrete states have positive norm. 
This new definition of norm is seen to agree with that found in recent exact results on 
Liouville theory! 17 ^. Incorporation of these results as internal degrees of freedom of a string 

theory would allow us to remove the non-compact contribution ^™^p^ , which is modular 
invariant by itself. 



D=2 SUPERSYMMETRIC GAUGE THEORIES 

Following recent work on two-dimensional theories, we recall^ 11-13 ] that D = 2, N = 
(4,4) supersymmetric gauge theories can have vector supermultiplets [2(±i),4(0)] with 
gauge group G, where the scalars are labelled by $ = l<^<4;l<a< dimG, 
and hypermultiplets [2(±±),4(0)] with scalars H AX , 1 < A < 2;1 < X < 2n H , where 
uh is the number of hypermultiplets. (These 2D multiplets are dimensionally reduced 
D = 6, N = (1,0) vector [(2,2) + 2(1,2)] and hypermultiplets [2(2,1) +4(1,1)], here 
labelled by their Spin(4) content.) A Coulomb phase has (0\H\0) = 0; (0|$|0) ^ and 
the surviving massless fields are r massless vector supermultiplets, where r is the rank 
of G. The infrared limit of this D = 2 supersymmetric gauge theory is an iV = (4, 4) 
superconformal field theory with central charge c = 6r. For r = 1 it corresponds to the 
tube metric eft which has primary fields (4 scalars (bosons) and 4 fermions) given in (5.2). 
The level of the 577(2) KMA J 1 in (5.2) is k = n H - 2, so a 2D gauge theory with n H 
hypermultiplets flows in the infrared to a scft corresponding to the transverse degrees of 
freedom to nu coincident fivebranes (5.1). In IIB for example, the 2D gauge theory is 
the world volume theory of a Dl-string containing the £7(1) gauge field which can carry 
away the flux associated with nu point electric charges, each emerging from the end of a 
fundamental open string connected to one of nu nearby D5-branes. (The world volume 
action of coincident Dirichlet fivebranes is a D = 6, N=(l,l), U(riH) non-abelian gauge 
theory). These become Neveu-Schwarz fivebranes in the S-dual picture. 

The modular invariant character combinations for level k SU(2) were found by 
Cappelli, Itzykson, Zuber' 21 ' to have an ADE classification Ak+i, k > 0; Dk +2 , k > 
4,/ceven; E 6 , k = 10; E 7 , k = 16 ; Eg, k = 28. The D = 2 gauge theory with an SU(2) 
vector multiplet and njj hypermultiplets corresponds to the Dk +2 series^ 13 ]. The Ak+i 
modular invariants correspond to one U(l) vector multiplet and njj = k + 2 hypermulti- 
plets; for a given k, these invariants are Zj t (f, r) = $~Ja=i Xk,\{^)Xk,\{ T ) described in (4.2), 
where Xk,\( T ) is the character for the highest weight A irreducible representation of the 
level k affine SU(2) KMA. 

The Higgs phase of the 2D theory has (0|i7|0) ^ 0; (0|$|0) = and is parameterized 
by riH — ny massless hypermultiplets, with infrared limit of an N = (4, 4) superconformal 
field theory with central charge c = 6(n# — %). 

In the dual pair: heterotic on R 6 x T 4 and type IIA on R 6 x K3, the enhanced 
symmetry points in the K3 moduli space (3.6) have an ADE classification corresponding 
to simply laced non-abelian symmetries of perturbative states in the heterotic theory. Thus 
to study a point in this moduli space corresponding to A\ = 577(2) i.e., a theory whose 
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massless spectrum in spacetime is a D = 6, N = (1,1) supergravity multiplet coupled 
to 19 U(l) and 1 577(2) vector multiplets, we look on the type II side at the IIA theory 
which is T-dual to the particular IIB compactification described by the 2D gauge theory 
N = (4,4) with i7(l) vector multiplet (ny = 1) and nu = k + 2 = 2 hypermultiplets; this 
in turn corresponds to the k = tube metric eft generated by (5.5) with primary fields 
J° (z) , ip° (z) and ip l (z) (on the left and right-moving sides), to describe the non-spacetime 
degrees of freedom. 

6. Conclusions 

The partition functions (4.1) and (4.4) are constructed from the A k+1 modular in- 
variant Z k (f, r) and related twisted expressions (4.5). These correspond to excitations of 
a type II fundamental string in a background described by degrees of freedom transverse 
to the NS fivebrane. For general k, the lowest lying spectrum is a D = 6 supergravity 
multiplet and 4 {7(1) vector multiplets coming from the untwisted sector. (For k = 
the compatibility of this Z 2 twist with the global existence of the 2D supercurrent (5.3b), 
(5.5b) remains problematic^ 25 '.) The incorporation of exact results on Liouville eft may 
modify which states survive in this theory, and hence their gauge symmetry properties. 
We note the occurrence of the A^+i modular invariants, and contrast this theory with a 
type II compactificatkW 11-13 ' described by a 2D supersymmetric gauge theory leading to 
a .D = 6, N = (1,1) theory with massless spectrum of 1 SG multiplet, 19 U(l) and 1 
SU(2) vector supermultiplets. A deeper understanding of how the conventional type II 
eft breaks down in this case, due to massless solitons, may guide us to a more economical 
description of how string theory picks the vacuum. It is believed that the appearance of 
these massless non-perturbative BPS states may be an important mechanism for the way 
in which nature incorporates gauge symmetry in string theory. 

Of course, some non-abelian symmetry can be incorporated in conventional type II 
perturbation theory! 26 ': in Appendix B, we give a model whose internal eft is constructed 
from free fermions, and which has a 6D, N = (1, 1) massless spectrum with 49 scalar fields, 
and (5{7(2)) 4 non-abelian symmetry. This latter has a 17-dimensional moduli space corre- 
sponding to the 16 massless scalars in the U (l) 4 Cartan subalgebra vector supermultiplets, 
and the dilaton, and so is on a different moduli space of vacua. 
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Appendix A 

ONE-LOOP PARTITION FUNCTIONS FOR D = 6 STRING THEORIES: 

In addition to expressions for type II on the orbifold and fivebrane given in sections 2,4, 
we list here other backgrounds for type II and heterotic strings. 

Type II superstring on R 6 x T 4 : 



L_ J^ T QmT)-'\Ti{T)\-*A' f 



A 'f = \ e j0f l Hr)\-\ei-ei-et){ei-e\-et). (ai) 



Type II superstring on R 6 x R 4 /Z 2 : 

A/ = \\ \v(r)\- 8 m - et - etM - e\ - e\) 
+ ^!p^ \v(r)\- 8 mol0l(i- i-i + i) 
+ 2 -^mf \v(r)rm0i0 2 2 (2 - 2) 

(74(74 

+ \v(r)\- 8 0im0l(2-2)}. (A2) 



Type II superstring on R 10 : 

A="^//r(Imr)-|,(r)|-A> 
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Heterotic string on R 6 x T 4 : 

A = -I^//^- 4 !"M|- 8A / 

Heterotic string on R 10 : 



where the lattice theta function 

#r 16 (f) = ^ 6 + £f + 2 16 ) 
is identical for the two 16-dimensional even self-dual Euclidean lattices. 
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Appendix B 



D = 6, N = (1, 1) FREE FERMION MODEL 

A type II string free fermion model with a, D = 6, A" = (1,1) massless spectrum of one 
supergravity multiplet from tjj 1 1 x / ifj J 1 10) , tjj 1 1 xt(; J 1 \0) , V> 1 x x2|(2, 1) + (1, 2)) Right ; and 

~2 ~2 ~2 ~2 ~2 

12 vector supermultiplets in the adjoint of SU(2) 4 from ?/> a i x x |0) , ^ 3 1 |0) , 2|(2, 1) + 

~2 ~2 ~2 

(1, 2)) Right}, has left and right-moving modes each described by 4 bosonic and 12 fermionic 
worldsheet (primary) fields: A^,^*,^; A % w ipl, ip 3 , ipi; 1 < £ < 4, 1 < a < 12, 1 < J < 4, 
and 1 < J < 8 where the superscript % refers to the transverse spatial degrees of freedom, 
the superscripts a,J,j to the internal ones, and all bosons and fermions are real. This 
string has four sectors whose fermion boundary condition vectors are given by 



p bl = (0 16 ; 1 4 0^) 

/% bl = (i 16 ;0 4 i 12 ) 

The projections replacing (2.13) are 



Pb0 = (i ib ; i ib ) 

P, = (0 16 ;0 16 ). 



P aM = \{l + e(aM)(-l) Pb ^ F } 

p ct , b0 b 1 = Hi + <«>Wi)(-i)"^' F } 



(Bl) 



(B2) 
(S3) 



where pp-F = J2)=i PjFj + X^=i PjFji an d the values of e(a, (3) are found in Table 2. 

0— > 



a 
I 








bo 


bi 


bobi 





1 


1 


-1 


-1 


bo 


1 


Xp 




A 


h 


1 


~P 




-1 


boh 


1 


-A 


-1 


A 



Table 2 



The partition function is 

A = -MW// 2T < ImT )" 4 l"MI" 8A '/ 

h(T)|- 16 (|e 3 | S 9l - l»4| 8 »l - l»2| 8 » 2 4 )(»| -» 4 4 -»2 4 ) ■ 



(54) 
(55) 
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Appendix C 

N = 4, c = 6 SUPERCONFORMAL ALGEBRA 

The currents of (2.5) close on the A = 4 superconformal algebra with c = 6 which is 
given by 



(z-cr (z-cy (z-o 



2 F (0 , dF(() 



L{z)Fic) = (f^ + (z-o 
L(Z)F (c) " Jz~cr + iz~o 

l{z)s{0 = V^ + Tz-q 

F(z)F(C) = + 21(0 



F{z)F\0 = 



(z-cr (z-o 

4S*(Q 2gg(Q 

(^-O 2 (*-C) 
( j ig ~(*-C) 3 (^-O 2 (*-C) (*-o 



S\z)F(C) 



2(z-CY (z-0 
F'(0 



2(z - 



S l (z)Fi(0 = ^^[-S ij F(0 + e ije F\0} . (CI) 

The central charge c and the level n of the SU (2) n currents S l are related by c = 6n. The 
condition c = 6 sets S 11 at level one. 

We define complex supercurrents as 

n\ _ F - iF 3 n2 _ F 2 - iF 1 

- x _ F + iF 3 2 _ F 2 + iF 1 

and note that Q 1 , Q 2 transform as a doublet under S l etc. 
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